A proof of the Kochen-Specker theorem for a single two-level system is presented. It employs five eight-element positive operator-valued measures and a simple algebraic reasoning based on the geometry of the dodecahedron. DOI: 10.1103/PhysRevLett.90.190401 PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.-a It is a widely held belief that ''a single qubit is not a truly quantum system in the sense that its dynamics and its response to measurements can all be mocked up by a classical hidden-variable model. There are no Bell inequalities or a Kochen-Specker theorem for a twodimensional system that forbids the existence of a classical model '' [1]. Any proof of Bell's theorem of the impossibility of local hidden variables in quantum mechanics requires a composite system. On the other hand, the standard proof of the Kochen-Specker (KS) theorem [2 -4] of the impossibility of noncontextual hidden variables applies only to physical systems described by Hilbert spaces of dimension three or higher.
. The record for d 3 stands at 31 projection operators [13] .
It is impossible to prove the KS theorem for a single qubit (described by a Hilbert space of d 2) by using a set of projection operators. Any proof of this kind would require that any projection operator of the set be orthogonal to at least two other projection operators. However, in d 2 any projection operator is orthogonal only to one projection operator. Therefore, for d 2, it is possible to assign yes and no answers to all projection operators, satisfying the sum rule for orthogonal resolutions of the identity. This explains why it is possible to construct explicit noncontextual hidden-variable models that are capable of reproducing all the predictions of quantum mechanics for von Neumann's measurements on a single qubit [3,4,14 -16] .
Motivated by the quantum information approach to quantum mechanics and by the fact that current technology allows an exquisite level of control over the measurements that can be performed, recent formulations of the principles of quantum mechanics [8, 9, 17] stress that the measurements correspond to POVMs, extending the notion of von Neumann's projection-valued measures. The main difference between POVMs and von Neumann's projection-valued measures is that for POVMs the number of available outcomes of a measurement may be higher than the dimensionality of the Hilbert space. An N-outcome generalized measurement is represented by an N-element POVM which consists of N positivesemidefinite operators fE d g that sum the identity (i.e.,
Neumark's theorem [5] guarantees that there always exists a realizable experimental procedure to generate any desired POVM. Any generalized measurement represented by a POVM can be seen as a von Neumann's measurement on a larger Hilbert space. Therefore, any generalized measurement on a single qubit can be seen as a von Neumann's joint measurement on a system composed by the qubit plus an auxiliary quantum system (ancilla) [18] . If we define the ancilla as belonging to the measuring apparatus, then we can legitimately speak of a (generalized) measurement on a single qubit [19] .
It has been shown that, when one considers an ancilla, then noncontextual hidden variables cannot reproduce the predictions of quantum mechanics for von Neumann's measurements on pre-and post-selected systems [20] . On the other hand, the KS theorem can be seen as a consequence of Gleason's theorem [21] . Recently, a Gleason-like theorem using POVMs has been proved [22, 23] . Unlike Gleason's theorem, the new theorem is also valid for d 2. This suggests that the KS theorem could be extended to d 2 by using POVMs instead of von Neumann's measurements [17] . Physically, this would mean that it is impossible to construct a noncontextual hidden-variables theory for a single qubit which assigns an outcome, for instance E A , regardless of whether this outcome belongs to the POVM represented by E A ; E 
where a, b, and c are real distinct numbers and S The challenge is to prove the KS theorem for d 2 using generalized measurements, that is, to find an explicit set of POVMs on a single qubit so that none of the possible sets of 2 n yes or no answers (where n is the number of different positive-semidefinite operators in the POVMs) is compatible with the sum rule for positive-semidefinite operators of a POVM (i.e., if the sum of a subset of positive-semidefinite operators is the identity, one and only one of the corresponding answers ought to be yes). Fuchs has suggested using sets of three-outcome POVMs of the ''Mercedes-Benz'' type [17] . So far, however, no proof with this or any other type of POVMs has been described.
Let us define the following eight-outcome generalized measurement on a qubit represented by the following eight-element POVM: fE C ; E Cÿ ; E E ; E Eÿ ; E F ; E Fÿ ; E G ; E Gÿ g, where
and analogously E E , etc. C, E, F, and G are the directions obtained by connecting the center of a cube with its four nonantipodal vertices. P :jCÿ1i is the projection on the qubit states orthogonal to jC ÿ1i (which, for example, could be the spin state along direction C with eigenvalue ÿ1 of a spin-1=2 particle). As can be easily checked, the sum of these eight positive-semidefinite operators is the identity. Now let us consider the ten directions obtained by connecting the center of a dodecahedron with its ten nonantipodal vertices, labeled A; B; . . . ; J as in Fig. 1 . There are only five cubes inscribed (sharing vertices) in a dodecahedron (Fig. 2) . All of them share the same center, and any two cubes share two antipodal vertices. Each cube allows us to define an eight-element POVM similar to the one defined above. The resulting five POVMs can be expressed as impossibility of a noncontextual hidden-variables theory for the higher dimensional system. However, there is a need for a proof using POVMs similar to the one introduced in this Letter, because at present it has not been proved that a standard proof of the KS theorem in the higher dimensional system would lead to a proof of the KS theorem using POVMs in the lower dimensional system. [19] According to Peres, ''measurements are processes in which an apparatus interacts with the physical system under study, in such a way that a property of that system affects a corresponding property of the apparatus'' [8] .
P H Y S I C A L R E V I E W L E T T E R S
The approach to the KS theorem using POVMs is fully consistent with this definition: here the physical system under study is a single qubit and the apparatus includes the ancilla.
